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Fischer Black on Negative Rates
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Negative Rates: 
Evidence from 13 Countries

Nobel Prize winner Eugene Fama and the late Black-Scholes legend Fischer Black were wrong when they argued 
over the last few decades that rates can never be negative because investors “can just store cash for free.”
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Evidence: 1 Year
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Evidence: 2 Years
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Evidence: 5 Years
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Evidence: 10 Years
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How Negative Do Rates Go?
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What About Rate Volatility?
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Minus for How Long?  Japan
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Can It Happen in the US Market?
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The U.S. Treasury Hides Negative Rates
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Yields are Below Rational 
Expectations: 500,000 Scenarios
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Probability of Negative 3-Month Bill 
Rates: 500,000 Scenarios
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Hull and White (HW)
𝑑𝑑𝑑𝑑! = 𝑘𝑘 𝜃𝜃! − 𝑑𝑑! 𝑑𝑑𝑑𝑑 + 𝜎𝜎𝑑𝑑𝑊𝑊!

Negative rates 
Black-Karasinski (BK)

𝑑𝑑𝑑𝑑! = 𝑑𝑑![𝜂𝜂! − 𝑎𝑎𝑎𝑎𝑎𝑎(𝑑𝑑!)]𝑑𝑑𝑑𝑑 + 𝜎𝜎𝑑𝑑!𝑑𝑑𝑊𝑊!
Non-negative rates (use shifted to get negative)
Cox Ingersoll Ross (CIR)

𝑑𝑑𝑑𝑑! = 𝑘𝑘 𝜃𝜃! − 𝑑𝑑! 𝑑𝑑𝑑𝑑 + 𝜎𝜎 𝑑𝑑!𝑑𝑑𝑊𝑊!

Non-negative rates (use shifted to get negative)

All models:
• Spot rate models – describe term structure evolution via specifying 

evolution of 𝑑𝑑!
• One-factor models

Popular Models
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• To describe evolution of term structure 𝑓𝑓(𝑑𝑑, 𝑇𝑇) for all 𝑇𝑇 ∈ [𝑑𝑑, 𝜏𝜏], must 
know (𝑑𝑑!, 𝑄𝑄) where 𝑄𝑄 is the risk neutral probability. Why? Because 

𝑃𝑃 𝑑𝑑, 𝑇𝑇 = 𝐸𝐸" 𝑒𝑒# ∫!
" %#&' .

• If specify under 𝑄𝑄, essential to choose parameters of the evolution to 
match initial curve 𝑓𝑓(𝑑𝑑, 𝑇𝑇) for all 𝑇𝑇 ∈ [𝑑𝑑, 𝜏𝜏], or INCONSISTENT with 
no-arbitrage, when using the 𝑑𝑑! evolution. Subtle (often done 
incorrectly).

• For use in risk management (e.g. computing VAR), need to estimate 
the empirical drift. Often not done or done incorrectly.

• Estimating the volatility is the same under both 𝑄𝑄 and 𝑃𝑃.

Problems: Spot Rate Models
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• One-factor models have only one risk affecting the term structure 
evolution.

• This is inconsistent with the evidence. Short, middle, long sections 
behave differently at different times.

• Cannot price swaptions or different maturity caps and floors 
simultaneously.

• Cannot do risk management (e.g. compute VAR) because do not have 
the correct evolution.

Problems: One-factor Models
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• HJM models have NONE of these problems – by construction.
• Given 𝑓𝑓(0, 𝑇𝑇) for 𝑇𝑇 ∈ [0, 𝜏𝜏], 

𝑑𝑑𝑓𝑓 𝑑𝑑, 𝑇𝑇 = 𝜇𝜇 𝑑𝑑, 𝑇𝑇 𝑑𝑑𝑑𝑑 +?
()*

+
𝜎𝜎( 𝑑𝑑, 𝑇𝑇 𝑑𝑑𝑊𝑊(

No arbitrage

𝜇𝜇 𝑑𝑑, 𝑇𝑇 = −∑()*+ 𝜎𝜎( 𝑑𝑑, 𝑇𝑇 𝜙𝜙((𝑑𝑑) − ∫!
, 𝜎𝜎( 𝑑𝑑, 𝑣𝑣 𝑑𝑑𝑣𝑣

• Know evolution under 𝑄𝑄 and 𝑃𝑃. 
• Easy to implement model with negative rates possible when rates are 

small, and non-exploding non-negative rates when rates are large.
• Easy to estimate parameters.
• Easy to simulate.
• Can use to price swaptions, multiple maturity caps and floors 

simultaneously.
• Can use to do risk management.

HJM Models
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Default intensity
𝜆𝜆! = 𝜆𝜆(𝑑𝑑, 𝑋𝑋!)

Recovery rate
𝛿𝛿! = 𝛿𝛿(𝑑𝑑, 𝑋𝑋!)

where 𝑋𝑋! is a vector of state variables describing the state of the business 
cycle.

For a reasonable credit risk model, need 𝑓𝑓(𝑑𝑑, 𝑇𝑇) ∈ 𝑋𝑋! for different and 
multiple 𝑇𝑇.

Credit Risk Models
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What Can Go Wrong?

• Rate and Default Interaction
• Impairment to the Banking System
• Massive challenges to the Insurance 

Industry and Pension Funds
• Central Banks cannot force institutions to 

lend or creditworthy borrowers to borrow
• Huge overhang for refi in next 5 years

• “Negative Rates Cannot Cure Problems 
that Caused Rates to go Negative”
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The End of the Retail Franchise
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Threat to Money Market Funds
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• Waiver of Fees
• Threat of Clawbacks
• Recall that money funds 

“breaking the buck” 
was a tripwire of the 
financial crisis of 2008

• Implications for 
corporate funding and 
liquidity



• Fixed income can become a fixed expense for investors seeking high 
quality capital preservation or balance sheet management

Threat to Pensions
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”So Called Social Security”

U.S. Social Security System, 2034
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Municipal Debt and Public Pension Risk

• Mercer: 64% of plans 
across Europe were in 
negative cash flow 
territory in 2019

• In June the Dutch 
cabinet proposed that 
pension entitlements 
would rise and fall with 
the market

• The pension promise –
how well funded are US 
public pension plans?
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Discussion


